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1 INTRODUCTION 

The article presents the mathematical analysis of the 
pneumatic cascade and the pneumatic membrane 
actuator described with the differential calculus of 
non-integer orders (Fractional calculus) [1], [2], [3], [5], 
[6], [7], [8], [9], [10], [13] and [15]. 

Differential equations of integer and non-integer 
order were introduced and became the basis for 
deriving equations describing time characteristics 
(pulse and step) and frequency characteristics 
(logarithmic amplitude and phase characteristics) for 
each tested pneumatic system [11]. Next, simulations 
of derived equations were performed using Microsoft 
Excel and MATLAB & Simulink software, obtaining 
time and frequency characteristics of the tested 
systems for integer and non-integer orders [12], [14], 
[16], [17] and [18]. 

2 MATHEMATICAL MODEL OF A PNEUMATIC 
CASCADE DESCRIBED WITH A FRACTIONAL 
CALCULUS 

Fig. 1 shows the diagram of the analyzed pneumatic 
cascade: 

 
Figure 1. Diagram of a two-chamber pneumatic cascade [11] 

Fig. 2 shows a block diagram of a two-chamber 
pneumatic cascade: 
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Figure 2. Block diagram of a two-chamber pneumatic 
cascade [11] 

Assuming the linearity of the model, the equation 
describing the dynamics of the diaphragm pressure 
transmitter can be written in the form of a system of 
differential equations: 
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where: 

( )1,2
rad

sω  - the pulsatance of another elementary 
pneumatic system, 

1,2 1ξ <  - the damping ratio of another elementary 
pneumatic system included in the pneumatic cascade. 
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wherein: 
2 5

pC Ns m−    - pneumatic capacity in another element 
of the pneumatic system; 

3 1
pL m N −    - pneumatic induction in another element 

of the pneumatic system; 
5

pR Nsm−    - flow resistance in another element of 
the pneumatic system; 

3V m    - volume of another transducer chamber, 
mc s
 
   - speed of sound in the gas filling the system; 

[ ]l m  - length of another inlet pipe; 

[ ]r m - radius of another inlet tube; 
3kgmρ −    - gas density; 
1 1kgm sη − −    - dynamic viscosity. 

Equations (1) written with the help of fractional 
calculus take the following form: 
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where: 0v > . 

Using the Laplace transform to equation (3), for 
zero initial conditions, we obtain: 
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Thus the transfer function of non-integer order of 
the analyzed pneumatic system is obtained: 
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The transfer function of the analyzed system takes 
the form: 
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For the formula (6), we obtain the spectral transfer 
function of the tested transducer: 
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By making elementary transformations, the real 
and imaginary part of the spectral transfer function is 
calculated: 
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Knowing the real and imaginary part of the 
spectral transfer function of the transducer, one can 
determine the equation describing the logarithmic 
amplitude step: 
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and the equation describing the logarithmic phase 
step: 
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Using the program written in the MATLAB 
environment, which was used for conducting the 
simulations of the equations describing the Bode plot 
(11) and (12) of the membrane pressure transducer, a 
response in the form of plots of logarithmic 
magnitude and phase of the analyzed pneumatic 
cascade was obtained. The plots are presented in Fig. 
3 and Fig. 4. 

The determined frequency response (Fig. 3 and 
Fig. 4) correctly reflect the dynamics of the model. For 
the parameter 1v = , the logarithmic amplitude 
response (Fig. 3) and phase response (Fig. 4) coincide 
with the known responses of the 4th order oscillation 
units. From the amplitude response (Fig. 3), one can 
read the gain decrease, which is 80 /dB dek− , and 
from the phase response (Fig. 4), the phase shift 

2ϕ π= −  for the parameter 1v = , as it is in the classic 
oscillation section of the 4th order. 

The analysis of frequency responses (Fig. 3 and 
Fig. 4) shows that the resonant pulsation depends on 
the parameter v , and hence on the order of the 
differential, in the differential equation describing the 
studied system. By reducing the order, the resonant 
pulsation increases. Hence, the smaller the phase shift 
of the system is, the smaller the order of the 
differential. 

 

 
Figure 3. Logarithmic amplitude response of a pneumatic 
cascade described by means of differential equation with 
fractional derivatives of non-integer orders for the 
parameter v in the range (0.8-1.2) [authors’ own elaboration] 

 
Figure 4. Logarithmic phase response of a pneumatic 
cascade described by means of differential equation with 
fractional derivatives of non-integer orders for the 
parameter v in the range (0.8-1.2) [authors’ own elaboration] 

3 MATHEMATICAL MODEL OF A PNEUMATIC 
MEMBRANE ACTUATOR DESCRIBED WITH A 
FRACTIONAL CALCULUS 

 
Figure 5. Pneumatic membrane actuator [11] 
(Membrana - Membrane, Talerz oporowy - Retaining plate, 
Sprężyna - Spring)  

 

Based on Newton's laws, we can write: 
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where:  

[ ]0p Pa  - inlet pressure (forcing); 
2A m    - active surface of the membrane; 

[ ]m kg  - mass of the mobile system; 
1C Nm−    - spring stiffness coefficient; 

1R Nsm−    - viscous friction coefficient; 

[ ]y m  - displacement of the actuator stem. 

If the damping of the system 1ξ < , then 
2R mC< .  

Generalizing the equation (13), we get: 
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where: 0v > . 

Applying the Laplace transform, assuming zero 
initial conditions, for a fractional derivative of non- 
integer order defined by Riemann - Liouville, we 
obtain: 
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Thus the transfer function of non-integer order of 
the membrane pneumatic actuator is obtained: 
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In order to conduct a simulation, the data of a 
pneumatic membrane actuator of the GMP brake T16 
were used: 

A - effective membrane surface: for r = 50mm 
(diameter = 100mm) A = 0.00785 m2; 

m - mass of the mobile system (membrane and 
plunger); m = 0.12 + 0.2 = 0.32 kg; 

C - spring stiffness coefficient; C = 1000N / m 

R - viscous friction coefficient (resistance to 
movement of moving parts) - R = 0,5Ns / m. 

By substituting the above data for the equation 
(16), the transfer function of the analyzed pneumatic 
actuator was obtained: 
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The quantifier of the non-integer transfer function 
has two complex roots. Therefore, you get: 
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For the equation (8), you get the equations 
describing the impulse and step response of the 

incomplete order of the tested pneumatic actuator in 
the form of: 
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whereas the function ( ) ( ),
kE zα β  is a special type of 

Mittag-Leffler function. 

By conducting a simulation of the pneumatic 
transducer, a pulse and unit jump signal was applied 
thus receiving the impulse and step response shown 
in Figure 6 and Figure 7. 

 
Figure 6. Impulse response of a pneumatic actuator 
described with integer and non-integer order: 0,5F  - for 

0,5v = , 0,7F  - for 0,7v = , 0,9F - for 0,9v = , 1,0F - for 
1v =  , 2C - classic model (integer order) [authors' own 

elaboration] 

 
Figure 7. Step response of a pneumatic actuator described 
with integer and non-integer order: 0,5F  - for 0,5v = , 

0,7F  - for 0,7v = , 0,9F - for 0,9v = , 1,0F - for 1v =  , 
2C - classic model (integer order) [authors' own elaboration] 

Fig. 6 and Fig. 7 show the impulse and step 
response described with the formula (19) for selected 
values  in the interval [0,1]. The impulse and step 
responses of the tested pneumatic actuator described 
by means of integer and non-integer differential 
equations for the parameter in the given scale 
overlap. This indicates the correctness of the analyzed 
actuator model. Fig. 6 and Fig. 7 show that for 
increasing values of the orders of the analyzed 
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pneumatic actuator, impulse and step responses 
behave like the second order oscillatory element. For 
small orders that converge to 1, the answers behave 
like the inertial element of the first order. 

For the dependence (16) the spectral transfer 
function of the actuator is obtained: 
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By making elementary transformations, the real 
and imaginary part of the spectral transfer function is 
calculated, where: 

 

 (21) 

Knowing the real and imaginary part of the 
spectral transfer function of the transducer, we can 
determine the equation describing the logarithmic 
amplitude step: 
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and the equation describing the logarithmic phase 
step: 

( ) ( )
( ) ( )
( ) ( )

( )

( )

2

2

sin sin
2

cos cos
2

v v
v

v
v

v v

R vvQ marctg arctg
R v CP v
m m

πω π ωω
ϕ ω

πω ω π ω

  +       = = − 
     + +    

 (23) 

Using the written program in the MATLAB 
environment, simulations of equations (22) and (23) 
were performed to obtain the frequency logarithmic 
amplitude and phase responses of the actuator, which 
are shown in Figure 8 and Figure 9. 

 
Figure 8. Logarithmic amplitude response of a membrane 
pneumatic actuator described by means of a differential 
equation of non-integer orders for different sizes of the 
parameter v (Siłownik - Pneumatic cylinder)  
[authors' own elaboration] 

 
Figure 9. Logarithmic phase response of a pneumatic 
membrane actuator described by means of a differential 
equation of non-integer orders for different sizes of the 
parameter v (Siłownik - Pneumatic cylinder) 
[authors' own elaboration] 

The logarithmic frequency responses (Fig. 8 and 
Fig. 9) show that for the parameter 1v = , above the 
resonant pulsation, the slope of the amplitude 
response is 20 /dB dek− , as it is in the second order 
oscillating element. By reducing the order, the gain 
decreases and the system behaves like the inertial 
element of the first order. 

The course of the logarithmic phase response 
(Figure 9) confirms this trend. For the parameter 

1v = , the phase response overlaps the logarithmic 
phase response of the classical second order 
oscillating element (for the pulsation greater than the 
resonant one, phase shift reaches the value ϕ π= −  ). 
By reducing the value of the order of the differential, 
the system becomes the inertial element of the first 
order, because for the pulsation greater than the 
resonant one, phase shift decreases. For the 
parameter 0,5v =  , the phase shift will reach the 
value 2

πϕ = −  , as it is in the case of the inertial 
element of the first order. 
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4 SUMMARY 

The obtained responses, which arose from the 
simulation of the dependencies resulting from the 
solution of differential equations of integer orders, 
overlap the responses of non-integer orders obtained 
from the solution of differential equations of non-
integer order for the parameter 1v = . This is 
confirmed by the fact that the classical differential 
calculus is a special case of the differential calculus of 
any arbitrary order, and thus it proves that 
mathematical models have been properly developed. 

The use of the description of dynamic properties of 
pneumatic systems based on the fractional calculus 
will allow the authors of the article to analyze the 
properties of a wide class of pneumatic systems of 
arbitrary orders in the future. 
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