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ABSTRACT: Necessary and sufficient conditions for the asymptotic stability of positive fractional continuous‐
time linear systems with many delays are established. It is shown that:
1) the asymptotic stability of the positive fractional system is independent of their delays,
2) the checking of the asymptotic stability of the positive fractional systems with delays can be reduced to
checking of the asymptotic stability of positive standard linear systems without delays.

1 INTRODUCTION

be reduced to checking of the stability of positive
systems without delays.

A dynamical system is called positive if its trajectory
starting from any nonnegative initial states remains
forever in the positive orthant for all nonnegative
inputs. An overview of state of the art in positive
systems theory is given in monographs [10, 16]. The
problems of stability and control of system with
delays have been considered in [3, 11, 12, 13, 25]. The
stability and the robust stability of positive discrete‐
time linear systems without delays and with delays
have been investigated in [1‐10, 14‐26].

The paper is organized as follows. In section 2 the
fractional continuous‐time linear systems and their
solutions are recalled. Necessary and sufficient
conditions for the positivity of this class of fractional
systems with delays are given in section 3. The main
result of the paper is presented in section 4, where the
necessary and sufficient conditions for the asymptotic
stability of the positive fractional linear systems with
delays are established. Concluding remarks are given
in section 5.

The stability of positive continuous‐time linear
systems with delays have been addressed in [17].and
the stability of positive fractional systems with one
delay in [22].

The following notation will be used:  ‐ the set
of real numbers, Z  ‐ the set of nonnegative
nm
integers, 
‐ the set of n  m real matrices,
nm
  ‐ the set ofn n  nm1 matrices with nonnegative
entries and      , I n . ‐the n  n identity
matrix. The strictly positive vector x with all positive
components will be denoted by x > 0.

In this paper new necessary and sufficient
conditions for asymptotic stability of positive
fractional continuous‐time linear systems with delays
will be presented. It will be shown that the asymptotic
stability of positive fractional continuous‐time linear
systems is independent of their delays and checking
of asymptotic stability of the system with delays can
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2 FRACTIONAL CONTINUOUS‐TIME LINEAR
SYSTEMS AND THEIR SOLUTIONS
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In this paper the Caputo definition will be used
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A real matrix A  
is called the Metzler
matrix if its off‐diagonal entries are nonnegative.
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Theorem 3.1. The fractional continuous‐time linear
systems (2.2) for 0    1 is positive if and only if
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Proof. It is well‐known [17] that  0 ( )   
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if and only if A0  M n . From (2.4) it

x(t )   n , t  0 if

Ak   nn ,

k  1,..., q ; B   nm and u (t )   n for t  0 .
The necessity can be shown in similar way as in [17].□

x(t )   n is the state vector, u (t )   m is
nn
nm
the input vector and Ak   , B  
, dk is a
delay k  1,..., q .

where

Consider the autonomous fractional positive linear
system with delays

The initial conditions for (2.2) have the form

x(t )  x0 (t ) for t  [ d ,0] , d  max d k
k

4 ASYMPTOTIC STABILITY OF THE POSITIVE
FRACTIONAL SYSTEMS

(2.3)

The solution to the equation (2.2) with (2.3) can be
found by the use of the step method [17].
For q  1 and 0  t  d the solution has the
form [17]

q
d
x(t )  A0 x(t )   Ak x(t  d k ), 0    1

dt
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A0  M n ,
k  1,..., q .

where
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Definition 4.2. A vector

A t ( k 1) 1
A0 t k ,
 (t )   0
k 0 [( k  1) ]
k 0 ( k  1)


k

dk  0 ,

Definition 4.1. The positive system (4.1) is called
asymptotically stable if

x(t )   0 (t ) x0 (0)   (t   )[ A1 x0 (  d )  Bu ( )]d (2.4)

 0 (t )  

and

(4.1)

k

(2.5)

Knowing the state vector x(t ) for 0  t  d in
a similar way we can find the state vector for
d  t  2d and next for 2d  t  3d , …

(4.2)

xe   n is called the

equilibrium point of the positive asymptotically stable
system (2.2) for

Bu (t )  1n  [1 ... 1]T   n if

the following condition is satisfied
q

0  Axe  1n and A   Ak

(4.3)

k 0

From (4.3) we have
3 POSITIVE FRACTIONAL CONTINUOUS‐TIME
SYSTEMS WITH DELAYS
Definition 3.1. The fractional continuous‐time linear
systems with delays (2.2) is called positive if

x(t )   n , t  0 for any initial conditions
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xe  ( A) 11n

(4.4)

since for asymptotically stable system (2.2) the matrix
A is invertible and the inverse matrix
[16].

( A) 1   nn

Theorem 4.1. The positive fractional system with
delay (4.1) is asymptotically stable if and only if there
exists a strictly positive vector

   n

such that

A  0

Proof. In [20] it was shown that the positive system
(4.10) is asymptotically stable if and only if there
(4.5)

Proof. First we shall show that if the positive system
(4.1) is asymptotically stable then there exists a strictly
positive vector   0 satisfying (4.5). If the positive
system (4.1) is a asymptotically stable then the
equilibrium point (4.4) is a strictly positive vector and
we can choose

  xe  ( A) 11n

. This vector

satisfies the condition (4.5) since

A   AA11n  1n

(4.6)

exists a strictly positive vector

To check the asymptotic stability of the Metzler
matrix A the following theorem is recommended [23,
24].
Theorem 4.3. The matrix
A
is a
asymptotically stable Metzler matrix if and only if one
of the following equivalent conditions is satisfied:

 all coefficients a0 ,..., an 1 of the characteristic
polynomial

det[ I n s  A]  s n  an1 s n 1  ...  a1 s  a0 (4.11)

d
x(t )  A0T x(t )   AkT x(t  d k )

dt
k 1

are positive, i.e. ai  0 , i = 0,1,…,n – 1,

(T denotes the transpose)

(4.7)

 the diagonal entries of the matrices

An(k)k for k = 1,…,n – 1

is asymptotically stable. As candidate for a Lyapunov
function for the positive system (4.7) we chose the
function
q
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If (4.5) holds then from (4.9) we have d  V [ x(t )]  0
dt 

and the system (4.1) is asymptotically stable. □
Theorem 4.2. The positive fractional system with
delay (4.1) is asymptotically stable if and only one of
the following equivalent conditions is satisfied:

 The positive system without delay
1

is asymptotically stable,

 A(k )
  (nk)k 1
 c n  k 1
bn( k)k 1
c

(4.10)

(4.12)

are negative, where

which is positive for any nonzero x(t )    , t  0 .

x (t )  Ax(t ),

such that

(4.5) holds. Hence by Theorem 2 the positive system
(4.1) is asymptotically stable if and only if the positive
system (4.10) is asymptotically stable. It is well‐
known [16] that the positive system (4.10) (and (4.1))
is asymptotically stable if and only if the matrix A is
asymptotically stable Metzler matrix. □

q

V [ x(t )]  xT (t )  

   n

nn

Now we shall show that the positive system (4.1)
is asymptotically stable if there exists strictly positive
vector λ satisfying (4.5). It is well‐known that the
positive system (4.1) is asymptotically stable if and
only if the corresponding transpose system


 The matrix A is asymptotically stable Metzler
matrix.
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(k )
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for k = 0,1,…,n – 1.
213

~ of the lower triangular
 the diagonal entries a
kk
matrix
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~
~  a21
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0 
... 0 
  

... a~n ,n 
...

Therefore, the positive fractional system (4.1) with
(4.14) is asymptotically stable for arbitrary delay

d  0 if a  

1.32
 0.88 .
1.5

The same result can be obtained by the use of the
condition ii) and iii) of Theorem 4.3.

~  0 for k  1,..., n ; where
are negative, i.e. a
kk

~
A is obtained from A by elementary column

5 CONCLUDING REMARKS

operations [23].

Necessary and sufficient conditions for the
asymptotic stability of continuous‐time
linear
systems with delays have been established (Theorem
4.1 and 4.2). It has been shown that: 1) The asymptotic
stability of the positive fractional system is
independent of their delays, 2) The checking of the
asymptotic stability of the positive fractional systems
with delays can be reduced to checking of the
asymptotic stability of positive standard linear
systems without delays. The considerations can be
also extended for fractional positive 2D continuous‐
discrete linear systems with delays.

From Theorem 4.2 we have the following
important corollary.
Corollary 4.1. The asymptotic stability of the positive
fractional linear systems (4.1) is independent of its
delays.
Theorem 4.4. The positive fractional linear system
(4.1) is unstable if at least one diagonal entry of the
Metzler matrix A is nonnegative.
The proof follows immediately from Theorem 4.2
and Theorem in [16].
Example 4.1. Consider the positive fractional system
(4.1) with the matrices

a
A0  
0.5
 0.2
A2  
0.05

1
 0.2 0.1
, A1  

,
 2
0.05 0.3
0.1
0.2

and arbitrary delay d k  0 ,

(4.14)

k  1,2 . Find the value

of the parameter a for which the system is
asymptotically stable.
By Theorem 4.4 the positive fractional system (4.1)
with (4.14) is unstable if the diagonal entry (1,1) of the
Metzler matrix

a  0.4 1.2 
A  A0  A1  A2  
 1.5
 0.6

(4.15)

is nonnegative i.e. a  0.4  0 . Using the condition
i) of Theorem 4.2 we obtain

det[ Is  A] 

s  a  0.4

 1.2

 0.6

s  1.5



(4.16)

 s 2  (1.1  a) s  (1.5a  1.32)
and the positive fractional system is asymptotically
stable if and only if the coefficients of the polynomial
(4.16) are positive

1.1  a  0 and 1.5a  1.32  0
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(4.17)
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